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The topological charge of a maximally symmetric black hole naturally arises in holography, which
can be viewed as the last charge of the black hole in the sense that it together with all other known
charges satisfies the holographic Gibbs-Duhem-like relation as a completeness relation. It is then
observed that this topological charge, which we have missed before, fits perfectly into the black
hole thermodynamics from two different approaches, not only in Einstein’s gravity, but also in the
general Lovelock-Maxwell theory.
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2I. INTRODUCTION
Black hole physics is one of the everlasting and most interesting topics in gravitation and related fields. On one
hand, black holes are so simple objects that stationary black holes can be described by a small number of macroscopic
parameters, which we have learned from various forms of no-hair theorems, and based on which we have black hole
thermodynamics. On the other hand, black holes are so complicated that there are exceedingly rich phenomena and
problems related to them, such as Hawking radiation and information loss paradox, Bekenstein-Hawking entropy
and its (possible) statistical origin, Penrose process and super-radiance, black hole perturbations and quasi-normal
modes, coalescence of binary black holes, hairy black holes, black hole phase transitions, black holes in AdS/CFT and
holography, etc.
In this paper, we focus on the simple face of black holes. For specification and briefness, we only investigate in detail
the maximally symmetric black holes in the Einstein-Maxwell theory, leaving more general cases in the Discussion.
As is well known, the maximally symmetric black hole solutions in the Einstein-Maxwell theory are
ds2d+1 =
dr2
f(r)
− f(r)dt2 + r2dΩ(k)2d−1,
f(r) = k +
r2
ℓ2
− 2M
rd−2
+
Q2
r2d−4
,
dΩ
(k)2
d−1 = gˆ
(k)
ij (x)dx
idxj ,
A ∼ − Q
rd−2
dt, (1)
where ℓ is the AdS radius (related to the cosmological constant) and k stands for the spatial curvature of the black
hole. Specifically, k > 0, k = 0 and k < 0 give a spherical, planar and hyperbolic geometry, respectively, and one
usually takes k = 1, 0,−1 for convenience. Here and hereafter we use “∼” to denote equality up to some unimportant
constant factor. It follows the first law of black hole thermodynamics
dM˜ = THdS +ΦdQ (2)
with
S =
Ω
(k)
d−1r
d−1
h
4
, (3)
TH =
f ′h
4π
, f ′h := f
′(rh), (4)
M˜ ∼M, Φ ∼ Q/rd−2h . (5)
Here Ω
(k=1,0,−1)
d−1 is the volume of the “unit” sphere, plane or hyperbola, where for the latter two (noncompact) spaces
certain compactifications are understood.1 Then the most important question we are going to answer is: Are there
any more charges of the RN-AdS black hole (1), besides the known ones (the mass M and the electric charge Q)?2
Since the above question eventually leads to an extension of the usual black hole thermodynamics, before trying
to answer that question, we should review some other efforts to extend the black hole thermodynamics. The most
studied case is to consider the cosmological constant Λ as an additional thermodynamic quantity, associated with the
so-called thermodynamic volume V as its conjugate, sometimes called the extended phase space approach (see, e.g.
[1–3]). This approach has been further generalized to modified gravitational theories (see e.g. [4] for a generalization
to Lovelock gravity). These previous efforts are different from our discussion in that V (or other quantities conjugate
to the Lovelock coupling parameters) is not a (conserved) charge, while we are focusing on all possible charges, as
stated above. At the same time, considering Λ or other coupling parameters as thermodynamic quantities goes beyond
the standard thermodynamics, because they are parameters of the theory itself instead of parameters characterizing
different solutions (states) in a fixed theory (system). Although some modifications of the standard Einstein(-Maxwell)
gravity are known to treat Λ as a parameter of solutions (see, e.g. [5]), it is still not clear whether full holographic
frameworks exist for such kind of modified theories, which is also one of our main concerns in this paper, because
we want to have a holographic interpretation of our thermodynamics (with the proposed new charge) as the real,
standard thermodynamics of the dual boundary system.
1 For non-standard values of k, the sphere or hyperbola is rescaled, so is its volume Ω
(k)
d−1. See the discussions in the next section.
2 The entropy S can be thought of as a Noether charge[6]. One more possible charge is the angular momentum J , as will be mentioned
in the Discussion.
3Table I.
Fields Bulk Boundary
Maxwell Aµ −nµF
µa|bdry Current 〈j
a〉
Gravitational gµν Brown-York tensor t
ab|bdry Stress tensor
〈
tab
〉
Local Hawking temperature Temperature
Bekenstein-Hawking entropy Entropy
II. TOPOLOGICAL CHARGE OF THE BLACK HOLE FROM HOLOGRAPHY
One of the most exciting developments in modern theoretical physics is that the traditional black hole thermo-
dynamics has acquired a new and interesting interpretation in AdS/CFT[7–9]. In particular, this interpretation has
been made systematic and universal in much more general settings of holography[10, 11].
Actually, Strominger and collaborators[12] first established hydrodynamics on a finite cutoff surface r = rc in the
context of holographic gravity in 2011. It was later realized that this holographic correspondence on a finite cutoff
surface, called a holographic screen, can be regarded as a natural extension of the AdS/CFT by a very general
bulk/boundary holographic principle[8–11, 13].
Since we will focus on the black hole thermodynamics, here we only present this general holographic principle at
finite temperature. This principle is just the correspondence between the Euclidean partition functional of the bulk
black hole and the finite temperature generating functional (for a given ensemble) of the effective field theory on the
holographic screen, namely
ZFT [J ] = Zbulk[φ¯(= J)], (6)
where J is the external source in the field theory, which is identified with the boundary value φ¯ of some bulk field(s)
φ. Taking logarithms of both sides of the above relation gives
ZcFT [J ] ≈ Iosbulk[φ¯], (7)
where ZcFT [J ] is the connected generating functional and we have used the semi-classical (or saddle point) approxi-
mation of the quantum gravity to reduce the bulk side down to the on-shell action of the classical gravity with fixed
φ¯. Upon variation with respect to J , the above relation gives the connected Green function (correlation function)
in the field theory in terms of variations of the bulk on-shell action with respect to φ¯, which is just the so-called
holographic dictionary. In particular, this principle gives the ordinary AdS/CFT dictionary upon taking into account
the holographic renormalization (see [13] for a review) to the otherwise divergent on-shell action for the holographic
screen tending to the conformal boundary of an asymptotic AdS bulk space-time[11].
For our purpose, we only need to consider the one-point function, which reads from variation of (7) as
〈Oφ(x)〉FT =
δIosbulk [φ¯]
δφ¯(x)
, (8)
where the saddle point approximation is always assumed (with “≈” suppressed) and
Oφ(x) = δIFT [J ]
δJ(x)
is the field variable (operator upon quantization) dual to the bulk field φ. Note that the above expression is just
formal, since in general the action IFT [J ] of the boundary field theory cannot be explicitly written down.
Similar to the standard AdS/CFT, a bulk Maxwell field Aµ is dual to a global U(1) conserved current j
a on the
holographic screen, with the precise correspondence
〈ja(x)〉 = 1√
g
δIosbulk[A¯]
δA¯a(x)
= −nµFµa(x)|bdry (9)
according to (8), where nµ is the outward unit normal to the screen. The most important examples (including the
above one) of the dictionary[10, 11] that we will use in the following are listed in Table I.
Considering the holographic screen r = rc in the RN-AdS bulk space-time (1), one can easily show that the Brown-
York tensor[14] takes the form of a (relativistic) perfect fluid, from which the energy density ǫ and pressure p can be
4read off as
ǫ = C − d− 1
8πG
√
fc
rc
, p =
d− 2
8πG
√
fc
rc
+
1
16πG
f ′c√
fc
− C, fc := f(rc). (10)
Here C is a constant contributed from considerations of holographic renormalization[11], which is not important in
the following discussion. Naturally defining the total volume3
V = Ωd−1r
d−1
c (11)
and energy
E = ǫV, (12)
one obtains the first law of thermodynamics
dE + pdV = TdS + µdQ, (13)
where the chemical potential
µ = −d− 1
8πG
Ωd−1Q√
fc
(
1
rd−2c
− 1
rd−2h
) (14)
is proportional to the difference of electric potentials between the holographic screen and the horizon4. Note that
here the temperature T = TH/
√
fc is the local Hawking temperature on the screen, which differs from the Hawking
temperature TH in (4) by a redshift factor. Actually, a thermodynamic relation similar to (13) has already been
obtained in [14, 15] without referring to holography. Only with the principle (7) of holographic correspondence does
the relation (13) have the meaning of thermodynamics for the dual field theory on the holographic screen. In more
general gravitational theories (with more general matter content), one can see that this holographic first law (13) of
thermodynamics still holds by using Hamilton-Jacobi-like analyses[11].
In the planar case (k = 0), since the dual field theory lives in an ordinary flat space-time (r = rc), it is expected
that the Gibbs-Duhem relation
E + pV = TS + µQ (15)
in the standard thermodynamics should hold, which can be straightforwardly verified and generally proved by ex-
tensibility (or scaling) arguments[11]. However, it is not the case for the non-planar configuration (k 6= 0), which
is also unsurprising because of the extra scale introduced by the spatial curvature of the screen. Actually, from the
expressions (3), (10)-(12), (14), the condition f(rh) = 0 and
T =
TH√
fc
=
1
2π
√
fc
[
rh
ℓ2
+ (d− 2) M
rd−1h
− (d− 2) Q
2
r2d−3h
], (16)
after some straightforward arithmetics we have
E + pV − TS − µQ = Ωd−1k
8πG
√
fc
(rd−2h − rd−2c ), (17)
which vanishes only if k = 0 for rc 6= rh.
Most interestingly, it turns out that even in the non-planar case, the Gibbs-Duhem relation (15) can be rectified
by introducing a new “charge”
ε = Ωd−1k
d−1
2 (18)
and its conjugate quantity
ς = (
∂E
∂ε
)S,Q,V =
ε
3−d
d−1Ω
d−3
d−1
d−1
8π
rd−2h − rd−2c√
fc
, (19)
3 Note that the volume Ω
(k)
d−1 depends on the compactifications for k ≤ 0 as mentioned previously, but hereafter we assume that this
volume is a constant Ωd−1 = Ω
(k=1)
d−1 under suitable compactifications (and rescaling of k if necessary)[11].
4 See the next section for a more precise description.
5which means that we have an extended first law
dE + pdV = TdS + µdQ+ ςdε. (20)
From (17), (18) and (19), one readily sees that the Gibbs-Duhem-like relation
E + pV = TS + µQ+ ςε (21)
still holds. Importantly, it can be shown that for odd d this new “charge” ε is proportional to the Euler number, i.e.
a topological charge, while for even d this interpretation is just formal[11].5 Recall that in standard thermodynamics
for every conserved charge we can introduce its conjugate potential, so it is really not strange that the topological
charge ε and its conjugate quantity ς play a role in the first law of thermodynamics for a system in a curved space
(with non-trivial topology). In fact, this new charge ε just takes into account the extra scale introduced by the spatial
curvature, which makes the usual scaling arguments valid to produce the Gibbs-Duhem(-like) relation (21).6 On the
other hand, since the scaling arguments use essentially the property of thermodynamic quantities (e.g. the entropy S)
as homogeneous functions of the complete set of independent extensive variables (basically conserved charges, except
the volume V , for S being the considered thermodynamic quantity) of the system, the Gibbs-Duhem(-like) relation
just fails if we have not taken into account all the conserved charges. Therefore, the relation (21) may be thought of
as a completeness relation, which means that we have known all the conserved charges of this holographic black hole
system. In this sense, we say that ε is the last charge of a black hole in the Einstein-Maxwell theory, which we have
missed before.
Strictly speaking, the topological charge ε should be an integer, as well as the electric charge Q should be quantized,
which makes the first law (20) less interesting. However, when this law is expressed in terms of densities:
dǫ = Tds+ µdρ+ ςde (22)
with the entropy density s = S/V , electric charge density ρ = Q/V and topological charge density (Euler density)
e = ε/V , the quantization of ε and Q can be smoothed out by a large volume V of the boundary system. Actually,
in the hydrodynamic regime of holography (the fluid/gravity duality)[16], the system can be inhomogeneous and (22)
will hold locally. In this case, the Euler density e and its conjugate potential ς are really dynamical quantities.
III. TOPOLOGICAL CHARGE IN THE BLACK HOLE THERMODYNAMICS
The existence and importance of the topological charge of black holes will be more convincing if it also plays some role
in the (ordinary) black hole thermodynamics. Especially, things will be made more interesting by considering a slightly
generalized framework of the standard black hole thermodynamics, which enables one to obtain a “thermodynamic”
relation between off-horizon quantities of the black hole and which includes the standard black hole thermodynamics
as a special (on-horizon) case.
Basically, there are two approaches to achieve this goal. The first approach is called “black hole thermodynamics
on equipotential surfaces”, which is proposed in [17]. Considering variation between different configurations of the
RN-AdS black hole (1) related to an equipotential surface f(r) = c with fixed c, one easily obtains the generalized
first law
dM˜ = TdS +ΦdQ
with M˜ the same ADM mass as in (5),
T (r) =
f ′(r)
4π
(23)
the Unruh-Verlinde temperature[17, 19, 20],
S(r) =
Ωd−1r
d−1
4
(24)
5 Note that if ε is not defined by (18), then the relation (21) and the first law (20) cannot hold simultaneously, so the validity of the
Gibbs-Duhem-like relation can be viewed as equivalent to the fact that ε is the topological charge.
6 In other words, the effect of the non-extensibility caused by the spatial curvature can be properly accounted for, at least in the
thermodynamics under consideration, by the introduction of the extra charge ε.
6the Wald-Padmanabhan entropy7 and
Φ(r) ∼ Q
rd−2
(25)
the electric potential at the equipotential surface. When c = 0, i.e. r = rh, the equipotential surface is just the
horizon and the above first law becomes that of the standard black hole thermodynamics. This formalism has been
generalized to arbitrary dimensions and the general Lovelock-Maxwell theory in [19, 20].
Now we illustrate how to incorporate the topological charge into the above formalism. Writing the gravitational
potential f(r) in (1) as
f(r, k,M,Q) = k +
r2
ℓ2
− 2M
rd−2
+
Q2
r2d−4
,
we have for the equipotential surface f = c (constant)
df(r, k,M,Q) =
∂f
∂r
dr +
∂f
∂k
dk +
∂f
∂M
dM +
∂f
∂Q
dQ = 0.
Noting
∂rf = 4πT, ∂kf = 1,
∂Mf = − 2
rd−2
, ∂Qf =
2Q
r2d−4
, (26)
we obtain
dM = 2πTrd−2dr +
rd−2
2
dk +
Q
rd−2
dQ
Defining the entropy S as in (24), we finially see the generalized first law
dM˜ = TdS +̟dε+ΦdQ, ̟ :=
ε
3−d
d−1Ω
−2
d−1
d−1
2π(d− 1) S
′, (27)
where S′ := dS/dr, Φ is given by (25) and ε is exactly the topological charge (18). Remarkably, its appearance in
the above first law is not artificial, since the conjugate quantity (19) in the holographic thermodynamics is just the
difference of the above conjugate potential ̟ (called the topological potential) between the holographic screen (as
the equipotential surface) and the horizon, redshifted by
√
fc. Actually, as briefly mentioned in the previous section,
the structure for the electric charge is similar[10, 11]: The chemical potential µ (conjugate to Q) in the holographic
thermodynamics is just the difference of the above electric potential Φ between the holographic screen and the horizon,
redshifted by
√
fc.
The above black hole thermodynamics with the topological charge can be easily generalized to the Lovelock-Maxwell
theory[11], where the entropy S becomes the Wald-Padmanabhan entropy
S =
d− 1
4
Ωd−1r
d−1
∑
j
jα˜j
d− 2j + 1(
k − f
r2
)j−1 (28)
and the topological potential is still given by (27) but now S′ is defined as
S′ :=
d
dr
S(r, f(r)). (29)
Noting that in the Lovelock-Maxwell case the entropy (28) depends nontrivially on k, we again emphasize that the
appearance of ε in the generalized first law (27) is not tuned by hand.
The second approach is called “black hole thermodynamics from gravitational equations of motion”. In this approach,
we just put the metric of the maximally symmetric black holes into Einstein’s equations (or more generally the
7 This entropy is the standard Wald entropy generalized to the off-horizon case by Padmanabhan[18], which is proportional to the area
of the equipotential surface for the Einstein gravity. See also [19, 20].
7equations of motion of the Lovelock gravity) with matter, which is then recognized as the first law of thermodynamics
with the topological charge. For simplicity, we take the metric ansatz
ds2d+1 =
dr2
f(r)
− f(r)dt2 + r2dΩ(k)2d−1,
which is enough for the Einstein-Maxwell (or Lovelock-Maxwell) case that we focus on in this essay. The most general
case of a maximally symmetric black hole can also be treated similar to the case without the topological charge in
[20]. Upon substitution of the above ansatz into Einstein’s equations
Rµν − 1
2
Rgµν = 8πTµν (30)
with Tµν the stress-energy tensor of the matter, the nontrivial part of them is
rf ′ − (d− 2)(k − f) = 16πP
d− 1 r
2 (31)
with P = T rr = T
t
t the radial pressure of the matter. Now we focus on a maximally symmetric screen with fixed
f in different static, maximally symmetric solutions of (30). In order to do so, we just need to compare two such
configurations of infinitesimal difference. In fact, multiplying both sides of (31) by the factor
d− 1
16π
Ωd−1r
d−3dr, (32)
we have after some simple algebra (assuming f fixed)
f ′
4π
d
(
Ωd−1r
d−1
4
)
− d
(
d− 1
16π
Ωd−1(k − f)rd−2
)
+
d− 1
16π
Ωd−1r
d−2dk = Pd
(
Ωd−1r
d
d
)
.
The above equation is immediately recognized as the first law
TdS − dE +̟dε = PdV (33)
with T again the Unruh-Verlinde temperature (23) on the screen, S again the Wald-Padmanabhan entropy (24) of
the screen, ̟ the same topological potential as in (27), ε again the topological charge (18), V = Ωd−1rd/d the volume
of the (standard) d-“ball” and
E =
d− 1
16π
Ωd−1(k − f)rd−2
the Misner-Sharp energy inside the screen[21].
Then we generalize the above discussion to the Lovelock gravity. In this case, the nontrivial part of the equations
of motion is
∑
j
α˜j(
k − f
r2
)j−1[jrf ′ − (d− 2j)(k − f)] = 16πP
d− 1 r
2.
Following the same logic as in the Einstein gravity, after multiplying both sides of the above equation by the same
factor (32) we obtain
f ′
4π
d

d− 1
4
Ωd−1r
d−1
∑
j
jα˜j
d− 2j + 1(
k − f
r2
)j−1


−d

d− 1
16π
Ωd−1r
d
∑
j
α˜j(
k − f
r2
)j

+ d− 1
16π
Ωd−1
∑
j
jα˜j(k − f)j−1rd−2jdk
= Pd
(
Ωd−1r
d
d
)
.
The above equation is again recognized as the first law (33) with the Wald-Padmanabhan entropy (28) in the Lovelock
gravity and (29) in the definition (27) of the topological potential.
8IV. CONCLUSION AND DISCUSSION
To conclude, we have shown in this essay that a maximally symmetric black hole has a topological charge ε,
besides the usual conserved charges (the mass M and electric charge Q) and the Noether charge S. This topological
charge has been largely neglected, if not totally missed, before, but it naturally arises in the holography with a
maximally symmetric screen. In the sense of the Gibbs-Duhem-like relation (21) viewed as a completeness relation,
this topological charge is the last charge of the maximally symmetric black hole. The existence of this charge and the
interesting role played by it has then been shown in the black hole thermodynamics from two different approaches,
as general as in the Lovelock(-Maxwell) theory.
In the context of AdS/CFT, actually, there are already discussions about the deviation from the Gibbs-Duhem
relation (15) in the case of k = 1, which is related to the Casimir energy by the Cardy-Verlinde formula (see, for
example, [22, 23] and references therein). However, it seems not clear the precise relation between those discussions
and the topological charge introduced here.
The topological charge with its associated first law of thermodynamics has some direct implications/applications.
The first one is to consider how the extended thermodynamics changes the thermodynamic behavior of black holes.
Actually, there is already some progress along this direction[24]. The second one is to investigate its application in the
the fluid/gravity duality, as mentioned at the end of Sec. II, where the holographic screen can have a curved geometry
determined by dynamics, as long as its curvature variation is temporally and spatially slow enough to stay within the
hydrodynamic regime.
It is also interesting to ask whether more general black holes, not only the maximally symmetric ones, have
topological charges. Perhaps the simplest non-maximally symmetric black holes are those with horizons being direct
products of maximally symmetric spaces, but it is not clear whether holography can be well defined in presence of
such bulk black holes. A more interesting case is a rotating black hole, i.e. Kerr(-AdS) black hole in Einstein’s gravity.
In this case, it turns out that a first-law-like relation including the topological charge can be written down, but a
completeness check similar to the Gibbs-Duhem-like relation (21) is still lacking, again due to the unclear holography
for a black hole with angular momentum. The discussion of the rotating case is also limited by the fact that up to
now we have no analytical solution of such black holes in the Lovelock(-Maxwell) theory. Anyway, the topological
charge of black holes beyond the maximally symmetric case is worthy of further investigation.
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